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The equations of convective diffusion are  solved for two flat layers ,  using the method of 
finite integral  t ransformat ions .  Exact solutions are  obtained to the problem in the p resence  
of a descending or ascending fi l tration flow. 

The washing of salty soils consis ts  in feeding water  to the surface of the massif ;  the water,  f i l tering 
down, dissolves  the salts and displaces them f romthe  blanket l ayer  into lower water  tables with a deep bed 
of ground waters ,  or into drains and water  col lectors  with an adjacent bed and a weak runoff of under -  
ground wa te r s  under natural conditions. 

At the present time many specialists in land reclamation are convinced of the need for distilling not 
only the root-bearing layer of soil, but also the ground waters to a rather great depth, since distillation 
only of the upper layer of soil while retaining a high degree of mineralization of the adjacent ground waters 
is unstable, as a result of which washed soils frequently become salty at a high rate. 

As is shown in a number of articles ([i], etc.), the zone of vertical salt transfer may reach 20-30 m, 
and in places 50-100 m, from the surface of the ground. 

The present article considers the dynamics of salt solutions in a two-layer silt blanket formation. 
The upper layer lies above the level of the ground waters (the zone of incomplete saturation), while the 
lower layer lies between the ground waters and a roof consisting of a layer of sand, underlying the blanket 
silts. 

It is postulated that the equation of convective diffusion holds both for the upper layer of silts and for 
the lower layer, which is completely saturated with water. It is assumed that the filtration and salt param- 
eters for both strata are known as the results of experimental field investigations. 

It is further assumed that drainage ensures a constant position of the level of the ground waters, and 
that the transport of salts takes place only in a vertical direction; this is confirmed in practice for a num- 
ber of regions of the Central Asian and Caucasian Republics which are subject to salting; these regions 
have a clearly marked two-layer structure [2]. 

The mathematical problem comes down to solution of the following system of differential equations 
[2, 3]: 

OCi O~C~ e_ OC~ 
O--7-----Dr O= 2 n i Ox ~-Tr 0 (~=1,2) (1) 

with the initial and boundary conditions 

C~(x ,O)=~i (x )  (2) 

p~C~(O,t)--a~ oc~(o,t) 0= =~Co (3) 
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C~ (m~, t) = C2 (m .  t), oc, (~ ,  t) oc~ (~ ,  t) oz 19o o~ (4) 

ac~ (m.~, t) [J~Coo (5) [32C2 (m~, t) + a2 o~ 

H e r e  and in what follows the subscr ip t s  i =1 and 2 r e fe r ,  correspondingly,  to the upper  and lower  
l a y e r s  of the blanket fo rmat ion  which is underlain by p e r m e a b l e  sand s t ra tum;  Ci (x, t) ~i(x) a re  the concen-  
t r a t i ons  of the soil solution of sal ts  at any a r b i t r a r y  moment  of t i m e  and at the initial moment,  g / l i t e r ;  
C , ,  Co a re  the concentra t ions  of the l imit ing sa tura t ion of the given composi t ion by sal ts ,  and c~ the wa te r  
fed to washing, g / l i t e r ;  D i a r e  the coeff icients  of f i l t ra t ional  diffusion (dispersion),  m2/day; a i ,  fi i a r e  con-  
stants  whose va lues  a r e  given below during d iscuss ions  of specif ic  a spec t s  of the p rob lem which a r e  of 
in te res t  in land rec lamat ion  prac t ice ;  Yi a re  the coeff icients  of dissolution of the sal ts ,  day-l ;  ml, m 2 are,  
r espec t ive ly ,  the depth of the bed of ground w a t e r s  and the total  th ickness  of both l a y e r s  of the blanket fo r -  
mation, m; e is the f i l t ra t ion rate ,  m/day;  n i a r e  the poros i t i e s  of the l aye r s ;  C00(t) is the minera l iza t ion  
of the ground wa t e r s  in an eas i ly  p e r m e a b l e  underlying s t r a tum,  a known function of t ime,  g / l i t e r ;  x is a 
coordinate ,  m; the x axis is d i rec ted  ve r t i c a l l y  downwards, and the origin of coordinates  is taken at the s u r -  
face  of the gound; t i s  the t ime (days); D O =nzD2/n~D 1. 

By analogy with the u s u a l K o s h l y a k o v - G r e e n b e r g  method of in tegral  t ransfor~nat ions  [4, 5], we mul t i -  
ply Eqs. (1) and (2), r espec t ive ly ,  by the kernal  K i (x, p) and in tegra te  twice  by p a r t s  within the appropr ia te ,  
l imi ts .  As a resul t ,  in place  of the s ta r t ing  s y s t e m  we obtain the ord inary  sy s t em of equations 

OUi / Ot 4- p~U~ = H~ 4- F~ (~ = t, 2) (6) 

where  

U{ (t, p) = ~ 3 C (x, t) K{ (x, 9) dx, P~ (p) -- rlC$ !S K1 (x, ~)) dx, ff~ (p) = 0 
mi- 1 0 

/ h ( t ,  O) = Di o ~ ~)K~--C'~D~--ZT-~ J,~,_ ~ - ( t o o  = O) 

We postula te  that,  in the lower  l aye r  (below the level  of the ground waters ) ,  t he r e  a re  no sa l t s  in the 
solid phase  (I/2 =0). 

To  find the kerna l  of the t r a n s f o r m a t i o n  we obtain the s y s t e m  of equations 

d~K~ e dKi 
Di"27x2 4- n'-( d ~  Jr-(p~-~)i)Ki'~'O ( i = { , 2 )  ~7) 

(6j  = 7x, 62 = ~r~ = 0)  

We set the funct ions K i (x, 0) equal to lV[ -1 (p)N t (x, p ) (r i (x), where M -1 is a normal iz ing  d iv isor ,  
and N i (x, p) and ~i(x) a re  unknown functions,  de termined,  respec t ive ly ,  f r o m  the equations 

dGi 8 
D{ ~ + ~ z{ = 0 (8) 

d dNi 

Equations (8) a r e  obtained a f t e r  substi tution of the va lues  of K i (x, p) into (7). F r o m  the las t  two 
equations, taking account of the equali ty o 1 (ml) --~2(mt),we find the functions 

v1 (x) = exp -- ~ , ~ (x) = exp - -  n~D~ nlDa" (9) 

Determinat ion  of Nl(x , p)  and N2(x, p) r educes  to the solution of the S turm-Liouvi l le  p rob lem with 
homogeneous boundary conditions. 

Substituting (9) into (8) we obtain the equations 

cl'2Ni 8 dNi 

which a re  solved with the boundary conditions (3)-(5) with ze ro  r ight-hand pa r t s .  

(1o) 
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T h e  g e n e r a l  so lu t ion  of s y s t e m  (1) has  t he  f o r m  

N~ ix, 9) = exp (~x) [A~ sin a 5  + B~ cos a ~ l  (11) 

F r o m  the  h o m o g e n e o u s  b o u n d a r y  c o n d i t i o n s  (3)-(5) (with C O =Coo =0) we ob ta in  a s y s t e m  of fou r  e q u a -  
t i o n s  fo r  d e t e r m i n i n g  the  c o e f f i c i e n t s  A i and  B i. F o r  t h i s  h o m o g e n e o u s  s y s t e m  of equa t i ons  to  have  a non-  
t r i v i a l  so lu t ion  it is  n e c e s s a r y  and su f f i c i en t  t ha t  t he  d e t e r m i n a n t  of t h i s  s y s t e m  be equa l  to  z e r o ,  A (0 )  =0. 

We w r i t e  an e x p r e s s i o n  fo r  t h i s  d e t e r m i n a n t  

O~-- 0s tg a~m~ ~ 0 (12) 
A (9) = tg [a2 (mz - -  rn~)] 0~ + 0a tg a~m~ 

and fo r  t h e  c o e f f i c i e n t s  A i, B i 

A~ = --ao2 (bolb~ --  bobble), 

A ~ =  --bo~ (ao~al~--aofl~), B~ = --  A~boJbo~ 

03) 

H e r e  we  i n t r o d u c e  the  fo l lowing  nota t ion :  

no1 = u~al, bol = (11 (T~ sin a~mz + a 2 cos azmz) @ ~2 sin a~rn 2 

a0~ = u1~1 - -  ~1, b0z = u2 (v~ cos a2m ~ --  a~ sin a~rn2) 9 ~ cos q~m~ 

an = exp (vlml) sin aim1, bll = exp (v2ml) sin a2ml 

a12 = exp (~lm~) cos aim t b~ = exp (vzml) cos a~ma 
i e 

Pl = (z~Do (~fi -F a~ ~) -~ ~vzD0, P~ --  v~ l  - -  e l  ( ~  -k a~ ~) 

Thus ,  t h e  func t ions  Ni(x  , p) (11) a r e  the  so lu t ion  of the  S t u r m - L i o u v t l l e  p r o b l e m  w h o s e  e i g e n v a l u e s  
a r e  found as  t he  r o o t s  of t h e  t r a n s c e n d e n t a l  equa t ion  (12). 

L e t  us now c o n s i d e r  so lu t ion  of s y s t e m  (6) fo r  t h e  t r a n s f o r m s .  We m u l t i p l y  t h e s e  equa t i ons  r e s p e c -  
t i v e l y  by n i and, comb in ing ,  we have 

a w / a t  + p~w = / / ( t ,  0) + J~IFI (p) (14) 

w h e r e  t h e  fo l lowing  no ta t ion  is  i n t r o d u c e d ;  

W (t, 9) = niU1 (t, P) + n2U~ (t, 9), H (t, 9) = nlH~ + n2Hz 

U s i n g  the  b o u n d a r y  cond i t i ons  fo r  t h e  sought  func t ions  Ci and  N i and the  e q u a l i t y  ~1(ml) =G2(ml) , in 
t he  e x p r e s s i o n  f o r  H(t, p) w e  can e l i m i n a t e  t he  b o u n d a r y  cond i t ions  at t he  po in t  of con tac t  b e t w e e n  the  
l a y e r s .  A s  a r e s u l t  we  ob ta in  

I--~ nlDl~lCoN1 (0, 9) -I- 

We t a k e  the  i n i t i a l  c o n d i t i o n s  (3) in t he  f o r m  

(15) 

~,, (o, p) --- nlUI (0, p) + n~u~ (0, ~) (16) 

w h e r e  U i (0, p) a r e  t h e  v a l u e s  of t he  t r a n s f o r m s  of t he  func t ions  g0i{x ). 

T h e  so lu t ion  of  Eq. (14) wi th  t h e  cond i t ion  (16) i s  e a s i l y  found; in p a r t i c u l a r ,  w i th  c o n s t a n t  v a h t e s  of 
C o and Coo , i t  h a s  t h e  f o r m  

(17) 

We s e e k  the  i n v e r s i o n  f o r m u l a s  fo r  the  func t ions  C i (x, t) in the  f o r m  of s e r i e s  in t e r m s  of the  e i g e n -  
func t i ons  of t he  S t u r m - L i o u v l l l e  p r o b l e m  [4, 5] 

c ~  

c{ (x, t) = ~ ,s'~ (t, r'~) N~ (x, p,) 

w h e r e  p p a r e  t he  e i g e n v a l u e s  of t he  p r o b l e m .  

(~ = ~, 2) (18) 
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T A B L E  1 

v 

x ,  r l l  

1 3 5 7 i 0  

0.950 
0.508 

24.516 
4.565 

2.929 
-0.556 
3t.6i4 
-5.569 

3.6ii 

22.t99 
5.714 

3.8i8 
0.908 

2t.053 
5.635 

3.932 
1.0i4 

20.2i3 
5.782 

We mult iply  e x p r e s s i o n s  (18), co r r e spond ing ly ,  b y n i K  i (x, pj), i n t eg ra te  within the  app rop r i a t e  l imi t s ,  
and combine .  As  a r e s u l t  we  obtain 

W(t, p j )=  ~ M(pj) 

vn 4 rn2 

It is  eas i ly  shown that ,  by v i r t ue  of the  o r thogona l i ty  of the  funct ions  N t and N2, the e x p r e s s i o n  in 
squa re  b r a c k e t s  wil l  be equal to  z e r o  at Pv ~ Oj ( v ~ j) while,  at 0p = Pj ( v =j) it is equal to  the  value  of M, 
if it is  set  equal to  

~ 1  rn2 

M (p~) = n 1 I 51 ix) 1VI~ ix' ~)'~) dx + n.z I ~ (x) N~ 2 (x, 9~) dx (19) 
0 ma  

It fo l lows f r o m  this  that  S v (t, p v) = W (t, O v) and the  invers ion  f o r m u l a s  have the f o r m  (18), in which 
S v mus t  be r e p l a c e d  by W(t, O v)" 

Thus ,  the s e r i e s  (18), t o g e t h e r  with (11)-(13), (17), and (19), y ie ld  the solution of the  p r o b l e m  under  
cons idera t ion .  

The  fol lowing pa r t i a l  c a s e s  of the  gene ra l  p r o b l e m  a r e  of in te res t :  

1. The  case  a 2 = 0  (or  C2(m2, t)=Coo) and a t = h i D 1 ,  f i t=  r  F r o m  (12) we have 

al tg aim1 --  Tj (20) 
T~a~ ctg [a2 (m2 -- ml)] = ~l tg alral "4- ai 

~26~1 

F o r  the  funct ion H(t, O r ) ,  we obtain the  exp re s s ion  

t 
H (t, p~) = ~ [eCoN1 (0, p~) --  n2D~Coo~ (m~) 0N~ (~'0x Pv) ] (21) 

2. The  c a s e  p 2 = 0  (or  OC2(m2, t ) / O x = O ) ,  a t =  nlD 1. 

Then  the c h a r a c t e r i s t i c  equation and the  funct ions  H(t, pv) a s s u m e  the  f o r m  

2~2ala2 -~ (r -- a12a~Do -1) tg aim1 (22) 
tg [a2 (m2 --  mi)] = ala2"- -- a1~22 + (a~2"~1 + a12~2Do-1)'tg aim1 

I t  (t, 9v) = eCoN~ (0, 9~) M-1 (O*) 

3. The  case  of  the sa l t ing  of the  ae ra t ion  zone of the  blanket  l aye r ,  with the  evapora t ion  of u n d e r -  
g round  w a t e r s .  In th i s  case ,  in the  so lu t ions  fo r  the  pa r t i a l  c a s e s  1 and 2, we must  set  C o =0 and r ep l a c e  
the  sign of the  ra te  s by  the  opposi te  value.  

In a cons ide ra t ion  of  a s i n g l e - l a y e r  blanket  f o r m a t i o n  of s i l ts ,  in all the  p r e c e d i n g  e x p r e s s i o n s  we 
mus t  se t  

m 1 = m 2 =  m ,  (h  = ( ~ - ~  (~(x), T I = T 2 =  T, a 1 = a ~ =  a ,  D o  = 1 

Under  t he se  c i r c u m s t a n c e s  the solut ions  a re  s impl i f i ed  and the solut ion r e d u c e s  to  the appl icat ion of 
a f ini te  in tegra l  K o s h l y a k o v - G r e e n b e r g  t r a n s f o r m  [4]. 

Calcula t ions  in a c c o r d a n c e  with the f o r m u l a s  obtained can be c a r r i e d  out in sma l l  e l ec t ron i c  
c o m p u t e r s .  
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As an illustration, a calculation was made of the redistribution of the salts in a soil with washing, for 

the first case (~2 =0), using the following data" 

D1 = 0.002 m 2 / d a y  D~ = 0.02 m 2 / d a y ,  nl = 0.2, n 2 = 0.5 
= 0.002 m / d a y ,  rn~ = 2 m, n72 = t0  m 
Cl(x ,  0) = C~(z, 0) = 20 g/l, 7=0 

T h e  c a l c u l a t i o n  w a s  made  in a " N a i r i "  e l e c t r o n i c  c o m p u t e r  u n d e r  a u t o m a t i c  p r o g r a m m i n g  cond i t i ons .  
In t he  s u m s  of f o r m u l a s  (18), a d i f f e r e n t  n u m b e r  of t e r m s  of t h e  s e r i e s  w a s  t a k e n  v =1,  3, 5, 7,  10, 15, and 
t h e  sought  func t ions  w e r e  found. T h e  r o o t s  p u w e r e  d e t e r m i n e d  f r o m  Eq. (20). 

T a b l e  1 g i v e s  v a l u e s  of the  c o n c e n t r a t i o n s  of t he  s a l t s ,  C 1 (x, t ) ,  in t he  u p p e r  l a y e r  in t he  c r o s s  s e c -  
t i o n s  x =  0 and 1 m fo r  t h e  m o m e n t s  of t i m e  t =60 days  (in t he  n u m e r a t o r )  and t =200 d a y s  (in t he  denomi--  
na to r ) .  

An a n a l y s i s  of the  so lu t ion  of the  e x a m p l e  unde r  c o n s i d e r a t i o n  shows  tha t ,  f o r  a p r a c t i c a l  d e g r e e  of 
a c c u r a c y ,  in the  s u m s  of (18) i t  i s  su f f i c i en t  to  r e t a i n  10 t e r m s .  With  an i n c r e a s e  in the  F o u r i e r  n u m b e r s  
F 0 (F  0 = D i t / m ~ ) ,  a l e s s e r  n u m b e r  of t e r m s  may  be  r e t a i n e d  in the  sums .  Thus ,  wi th  F 0 >- 0.1, only  the  f i r s t  
t h r e e  to  f ive  t e r m s  need  be  t a k e n  into c o n s i d e r a t i o n .  

T h e  p r o p o s e d  me thod  of i n t e g r a t i n g  the  d i f f e r e n t i a l  equa t ions  p e r m i t s  b r o a d e n i n g  the  so lu t i on  of a 
n u m b e r  of p r o b l e m s  of m a s s  t r a n s f e r  in p o r o u s  m e d i a ,  and, in p a r t i c u l a r ,  e x a m i n i n g  the  d y n a m i c s  of s a l t s  
in m u l t f l a y e r  s o i l s .  In the  l a t t e r  c a s e ,  i t  i s  u se fu l  to  u s e  a m a t r i x  d e s c r i p t i o n  of  t he  o p e r a t i o n s .  
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